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CN ; It is known that large class of classical string solutions in the type IIB AdS§ x S 5 

background is related to the Neumann and Neumann- Roso chat ius integrable systems, 
including spiky strings and giant magnons. It is also interesting if these integrable systems 
can be associated with some membrane configurations in M-theory. We show here that 
this is indeed the case by presenting explicitly several types of membrane embedding in 
AdSi x S 7 with the searched properties. 
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^ 1 Introduction 

The AdS/CFT correspondence predicts that the string theory on AdS 5 x S 5 should be 
dual to J\f = 4 SYM theory in four dimensions p], [2], [3]. The spectrum of the string 
states and of the operators in SYM should be the same. The recent checks of this con- 
jecture beyond the supergravity approximation are connected to the idea to search for 
string solutions, which in the semiclassical limit are related to the anomalous dimensions 
of certain gauge invariant operators in the planar limit of SYM jl], [5|. On the field 
theory side, it was found that the corresponding dilatation operator is connected to the 
Hamiltonian of integrable Heisenberg spin chain [6] . On the string side, it was established 
that large set of classical string solutions follow from embeddings , which reduce the so- 
lution of the string equations of motion and constraints to the study of the Neumann and 
Neumann-Rosochatius integrable systems in the presence of conformal gauge constraints 

m. m. b. 

In [7] it was shown that solitonic solutions of the classical string action on the type IIB 
AdS^ x S 5 background that carry charges of the Cartan subalgebra of the global symmetry 
group can be classified in terms of periodic solutions of the Neumann dynamical system 
[TU] . which is Liouville integrable [TT]. A particular string solution was also identified, 
whose classical energy reproduces exactly the one-loop anomalous dimension of a certain 
set of SYM operators with two independent R-charges. 
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A general class of rotating closed string solutions in AdS§ x S 5 was shown to be 
connected to the Neumann- Roso chat ius integrable system [12] in [8]. 

Let us note that the first multi-spin string solutions were found in [13] and |14j . where it 
was pointed out that the classical energy of the strings admitted a perturbative expansion 
in powers of the 't Hooft coupling A, and therefore could be compared with perturbative 
field theory computations. Actually, the very first two-spin string was found in [T5] but 
its importance was not understood at that time. Papers [7] and [8] generalized these 
multi-spin solutions. 

The first perturbative field theory computation of anomalous dimensions of long SYM 
operators was done in [16], where the operators dual to strings from [13] and [H] were 
identified and exact one-loop matching was shown. 

It was found in [9] that, working in conformal gauge, the spiky strings [T7J[T8] and giant 
magnons [19]- [39] can be also accommodated by a version of the Neumann-Rosochatius 
system. The authors of |9J was able to describe in detail a giant magnon solution with two 
additional angular momenta and to show that it can be interpreted as a superposition of 
two magnons moving with the same speed. In addition, they considered the spin chain side 
and described the corresponding state as that of two bound states in the infinite SU(3) 
spin chain. The Bethe ansatz wave function for such bound state was also constructed. 

It was also shown recently that magnon-like dispersion relations can arise from M- 
theory [27], [M]. That is why, it is interesting if the Neumann and Neumann-Rosochatius 
integrable systems can be associated with some M2-brane configurations. In this paper, 
we prove that this is indeed the case by presenting explicitly several types of membrane 
embedding in AdS± x S 7 with the desired properties. 



2 Short review of the string case 



Our aim here is to briefly describe part of the results obtained in [7J, [8] and [9j, concerning 
the correspondence between different type of string solutions on AdS^ x S 5 in conformal 
gauge with the Neumann and Neumann-Rosochatius like integrable systems. Then we 
show how to generalize these results to the case of diagonal worldsheet gauge. 

The action for the bosonic part of the classical closed string moving in the AdS§ x S 5 
background, in conformal gauge, can be written as^| 

VA 1 ' ' \G^\x)d a x m d a x n + G^\y)d a y p d a yi 



An 



drdo 



VI = 2nR 2 T, (2.1) 



where the two metrics are given by 



2 + cos 2 



(ds 2 ) Ads = - cosh 2 pdt 2 + dp 2 + sinh 2 p (dO 2 + sin 2 
(ds 2 ^j s = c/7 2 + cos 2 7^3 + sin 2 7 (dip 2 + cos 2 ipdipf + sin 2 ipd^p 



(2.2) 
(2.3) 



The action (12.11) can be represented as action for the 0(6) x S0(4, 2) sigma-model 



1 = 4vT / dTda ^ Ls + LAdS ^ 



(2.4) 



2 We follow the notation of [7]. 
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where 



-^d a X M d a X M + —A (X M X M 



M 



1,..,6, 



1 1 ~ 

La<is = --VMNd a Y M d a Y N + -A (r] MN Y M Y N + 1) 



(2.5) 
(2.6) 



M = 0,...,5, 



Vmn = (-1, 1, 1, 1, 1, -1). 
The embedding coordinates Xm, Ym are related to the ones in (12. 21) . (12.31) as follows 



upi 



Xi + iX 2 = sin 7 cos -0e 
Y\ + iy 2 = sinh p sin i 



X3 + 1X4 = sin 7 sin ipe 1 
Y 3 + 1Y4 = sinh p cos 1 



X 5 + IXe. 



cos7e 



Y 5 + iY = cosh pe % 



(2.7) 
(2.8) 



The action (12.41) must be supplemented with the two conformal gauge constraints. 
Further on, the following ansatz for the string embedding has been proposed in [7j 



r 1; ...,y 4 = 0, Y 5 + iY = e iKT , 

X x + iX 2 = x x {a)e^ T , X 3 + iX A = x 2 (a)e iuJ *\ 



(2.9) 



X 5 + iX 6 = x 3 (a)e 



It corresponds to string located at the center of AdS§ and rotating in S 5 . Replacing (12.91) 
into (12. 5p . (12. 6p . one obtains the string Lagrangian (prime is used for d/da) 



L s + L 



AdS 



E Of - -k 2 ) + <A + ~a (£ 



After changing the overall sign and neglecting the constant term as in [7J, one arrives at 



E 

i=l 



/2 2 2 

£„• — cj,- a; 



(2.10) 



L describes three dimensional harmonic oscillator constrained to remain on a unit two- 
sphere. This is particular case of the n-dimensional Neumann dynamical system [TP] , 
which is Liouville integrable [TTJ. In the case under consideration, the only nontrivial 
Virasoro constraint implies that the energy H of the Neumann system is given by 



i=l 



1 



-K 



(2.1i; 



In order to obtain the relevant closed string solutions, we should impose periodicity 
conditions on xf. 

Xi(a) = Xi{o + 27r). 

Another string embedding is possible, related to Neumann like integrable system [7J 



Yi + iY 2 = yi (a)e^ T , Y 3 + iY 4 = y 2 (a)e^ T , Y 5 + iY = y 3 (a)e^ T . (2.12) 
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It corresponds to multi-spin strings rotating not in S 5 but in AdS$ instead. Now t = u 3 r, 
so the equality 003 = k holds. The relevant effective mechanical system describing this 
class of rotating solutions has the following Lagrangian 

L = ^Vij (y'iVj - ^hiVj) + ^ {ViiViVj ~ l ) ' Vij = diag(-l, -1, 1). (2.13) 

Comparing this with the Neumann Lagrangian (12.101) . one concludes that (12.131) corre- 
sponds to a system, which is similar to the Neumann integrable system, but with indefinite 
signature - Sij replaced by 77^ . The relation to the S 5 case is through the analytic contin- 
uation 

x x -> iyi, x 2 -> iy 2 . 

The results presented above have been generalized in [S] to correspondence between 
closed strings in AdS§ x S 5 and the Neumann- Rosochatius integrable system [12]. This 
has been achieved by using more general ansatz for the string embedding. Two such types 
of embedding have been given in [8]. The first one is^| 

^,...,^4 = 0, Y 5 + iY = e iKT , (2.14) 
X l + iX 2 =r l {a)e l[uJlT+ai{u) \ 
X 3 + iX 4 = r 2 (a)e i[{uJ2T+a2{a)] , 
X 5 + iX 6 =r 3 ((x)e^ 3T+a3{CT)] . 

To find the corresponding closed string solutions, one imposes the periodicity conditions 

Ti{a + 2n) = nip), oii(a + 2-k) = oti + 2-nnii, m; = 0, ±1, ±2, .... 

The ansatz (12.141) leads to the following Lagrangian 

L = lt (rf + riot? - - \ A rf - l) . (2.15) 

The equations of motion for the variables di(a) can be easily integrated once 

a'i — -4, v i — constants. (2-16) 

Substituting (I2.16P back into (12.151) . one receives an effective Lagrangian for the three 
real coordinates rj(cx)@ 

3 We follow the notation of [8]. 

4 Following [5], we change the signs of the terms ~ a'? . 
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When oti are constants, i.e. Vi = 0, (12.171) reduces to the Neumann Lagrangian (I2.10p . For 
non-zero Vi, the Lagrangian (12.171) describes the Neumann- Roso chat ius integrable system. 
The Virasoro constraints take the form 

3 
i=l 

As a consequence of the second equality, only two of the three integrals of motion Vi are 
independent of u){. 

The second type of embedding proposed in [8] is for the case when the string rotates 
in both AdS^ and S 5 . It is given by (I2.14p for Xi, ...,X e and 

Y 5 + iY = i (a)e i[woT+l3o{cT) \ (2.18) 
Y 1 + iY 2 = i 1 (a)e ilwiT+McT)] , 
Y 3 + iY A = r 2 (a)e i[w2T+Ma)] . 

To satisfy the closed string periodicity conditions, one needs the following equalities to 
hold (k r are integers) 

r r (<r + 2tt) = r r (cr), (3 r (a + 2tt) = f3 r (a) + 2nk r , r = 0, 1, 2. 

Requiring the time coordinate to be single- valued (considering a universal cover of AdS^), 
i.e. ignoring windings in time direction, and also renaming wq to k, one obtains 

k = 0, wo = k. 

The mechanical system corresponding to the above embedding is described by the sum 
of the Lagrangian (I2.17P and the following one 

L = \rf s (<r' s - ^ r 2 r s r s - ^) - ( V rs r r r s + 1) , tf' = (-1, 1, 1), (2.19) 

which represents an integrable system too. 

For the present case, the equations of motion for and r s , following from (I2.17P and 
(I2.19P respectively, decouple. However, in the conformal gauge constraints, the variables 
of the two Neumann- Roso chat ius systems are mixed. More precisely, the Virasoro con- 
straints now read 

12 i 2 2 i U ( >2 i 2 2 , U a\ , ( '2 , 2 2 , V i\ 

r + k r + -2 = ^ r + w a i a + — + ^ \r i + u i r i + , 

r a=l V r a / i=l \ r i / 

2 3 

KU = Y W aU a + E U i V h 
a=l i=l 

where 

a=l i=l 
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We also require the periodicity conditions [8J 

r 27T da 
Jo r 2 (V) 

to be fulfilled. Then k = implies u = as a consequence of the single-valuedness of 
the time coordinate t. 

The authors of [9] , inspired by the recent development in string/ CFT duality, proposed 
new string embedding, which incorporates the spiky strings [TTl [T8] and giant magnons 
[H]-[28] on S 5 . They showed that such string solutions can be also accommodated by a 
version of the Neumann-Rosochatius integrable system. The appropriate embedding is 
given by 

^,...,^4 = 0, Y 5 +iY = e iK \ (2.20) 
X l + iX 2 =n(0e i[wiT+w({)] , 
X 3 + t X A = r 2 {0e i[i ^ T+ ^ )] , 
X 5 + iX 6 =r 3 (0e i[W8T+M(0] , 

where 

t; = aa + (3t. 
This ansatz leads to the Lagrangian [H] 

+ A(X> 2 -l), (2-21) 

which describes the standard Neumann-Rosochatius integrable system. The correspond- 
ing Hamiltonian is 

3 

i=i 

The Virasoro constraints are satisfied if 

a 2 + B 2 3 

H = ^f 2 * 2 , x>a + /^ 2 = o. 

The periodicity conditions read 

ri(£ + 2iia) = r;(£), ^ + 2vra) = + 27m;, 
where rij are integer winding numbers. The second condition implies 

(J. r2ira ^£ 

- 1 -2 = (a 2 - /3 2 )ni - a^. 
27T Jo rf 

Thus the general solution for the ansatz ( 12.201) can be constructed in terms of the usual 
solutions of the Neumann-Rosochatius system. There are five independent integrals of 



E 

i=i 



(a 2 - (3 2 ) 



r?- 



C 2 



a 



f3 2 



a' 



2 2 

;0J S r ; 



( 2 q2\ 12 , L °i , " 2 2 

v ' a 2 - (3 2 rf a 2 - /3 2 
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motion, which reduce the equations of motion to a system of first order differential equa- 
tions that can be directly integrated [7j. 

All the above results are obtained in conformal gauge. In order to make connection 
with the membrane case, we will formulate the problem in the framework of the more 
general diagonal worldsheet gauge. In this gauge, the Polyakov action and constraints are 
given by 



S, 



a 



00 



2A°T G 



r ii 



Gnn+ 2A°T G 



0. 



G 



01 



(2.22) 

(2.23) 
(2.24) 



where 

Gmn = gMNd m X M d n X N , 

d m = d/dC n , m = (0,l), (e°,e 1 ) = (r,a), M=(0,l,...,9) 

is the induced metric and A is Lagrange multiplier. The usually used conformal gauge 
corresponds to 2A°T = 1. 

The general string embedding in AdS^ x S 5 of the type we are interested in can be 
written as 

Z s = Rr s (C)e lM ^\ s = (0, 1, 2), V rs x r x s + 1 = 0, rf s = (-1, 1, 1), 

Wi = R ri (Z m )e iipiiCn \ * = (1, 2, 3), 8 ij r i r j -1 = 0. (2.25) 



For this embedding, the induced metric takes the form 



G m n = rf s d^Zrd^Z s + 5 ij d {m W l d n) W j = 

2 3 

V rs [dmirdnis + r r 2 <9 m r <9 n s ) + 53 {d m nd n ri + r^d m ipid n (pi 



(2.26) 



R 



r,s=0 



i=l 



The expression (12^5]) for G mn must be replaced into (I2T231 and Corre- 

spondingly, the string Lagrangian will be 



C = C s + A A (?] rs r r r s + 1) + A s (5 ij r l r j - 1) 



[2.27) 



where and As are Lagrange multipliers. 

As an example, let us choose the following ansatz for the string embedding of the type 



Re 1 



0, Wi = R ri {a)e^\ 



which implies 



I'D 



n = r 2 = 0; 



!>0 = KT, ifi = UJiT. 
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Then (12.271) reduces to (prime is used for d/da) 



£ = -§> {E [(2A°T) 2 rf - ^r}\ + k 2 } + A S (^> 2 - l) . 



After changing the overall sign and neglecting the constant term as in |7], one obtains 
L = E [(2A°T) 2 rf - ^rj] + A s (± r] - l) , 



\i=l 



which in conformal gauge (2A°T = 1) is equivalent to (12.101) . The constraint (12.231) gives 
the corresponding Hamiltonian 



tf~E [(2A°T) 2 rf + 



2 2 



i=l 



K 2 . 



The other constraint (I2.24p is satisfied identically. 

In the same way, one can generalize the other previously obtained results [H El [H] to 
the case of diagonal worldsheet gauge. 

3 Membranes on AdS^ x S 7 

Turning to the membrane case, let us first write down the gauge fixed membrane action 
and constraints in diagonal worldvolume gauge, we are going to work with: 

S M = J d 3 ££ M = J d 3 £ [ Goo - (2A°T 2 ) 2 det G i3 ] + T 2 C 012 } , (3.1) 

G 00 + (2A°T 2 ) 2 detG iJ = 0, (3.2) 
G 0l = 0. (3.3) 

They coincide with the frequently used gauge fixed Polyakov type action and constraints 
after the identification 2A°T 2 = L = const, where A is Lagrange multiplier and T 2 is the 
membrane tension. In (13. lj) - ( 13731) . the fields induced on the membrane worldvolume G mn 
and C i2 are given by 

Gmn = gMNd m X M d n X N , C i 2 = cmnp9oX m d±X N d 2 X p , (3.4) 
d m = d/dC, m = (0,i) = (0,1,2), 
(e,e,e) = (r,o- u a 2 ), M=(0,l,...,10), 

where qmn and cmnp are the components of the target space metric and 3-form gauge 
field respectively. 

Searching for membrane configurations in AdS<± x S 7 , which correspond to the Neu- 
mann or Neumann-Rosochatius integrable systems, we should first eliminate the mem- 
brane interaction with the background 3-form field on AdS^, to ensure more close analogy 
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with the strings on AdS§ x S 5 . To make our choice, let us write down the background. 
It can be parameterized as follows 



ds 2 = (2l p TZ) 2 [- cosh 2 pdt 2 + dp 2 + sinh 2 p (da 2 + sin 2 adf3 2 ) + Adtt 2 
C(3) = (2l p 1Z) 3 sinh 3 p sin adt A da A d/3. 

Since we want the membrane to have nonzero conserved energy and spin on AdS, the 
possible choice, for which the interaction with the C(3) field disappears, is to fix the angle 

s. 

a = ao = const. 

The metric of the corresponding subspace of AdS^ is 

ds 2 sub = {2l p TZ) 2 (- cosh 2 pdt 2 + dp 2 + sinh 2 p sin 2 a d(3 2 ) = (3.5) 
(2l p TZ) 2 — cosh 2 pdt 2 + dp 2 + sinh 2 pd{(3 sin a ) 2 

Therefore, the appropriate membrane embedding into (13.51) and S 7 is 



Z„ = 2l p Ri^ m )e^ m \ p = (0, 1), ^ = (0o, 0i) = (t,/3sina ) 

77"%^ + 1 = 0, ^ = (-1,1), 
W a = Al p nr a {De llf ^ m \ a = (1, 2, 3, 4), 5 ab r a r b -1 = 0. 

For this embedding, the induced metric is given by 

G mn = V IMU 9( m Z^d n )Z u + 8 ab d( m W a d n )W b = 



(3.6) 



(3.7) 



{2i P nf 



^ {prn^^d n r v + rJc^^A^) + 4 ^ (d m r a d n r a + r 2 a d m ip a d n ip a 



a=l 



We will use the expression (13. 7p for G mn in (13.11) . (I3.2p and (13.31) . Correspondingly, the 
membrane Lagrangian becomes 



£ = C M + Aa^V- + 1) + A s {Sa b r a r b - 1). 



(3. 



3.1 Membranes and the Neumann system 

Here, we propose two membrane embeddings in AdS^ x S 7 related to the Neumann inte- 
grable system. 

Let us begin with the following ansatz for the membrane embedding of the type (13.61) 



Z = 2l p TZe iK \ Z x = 0, W a = M p Hr a {r)e % ^. 



(3.9) 



5 Of course, we can fix the angle (3 instead of a. Then, in the corresponding subspace of AdS^, a will 
be the isometry coordinate associated with the conserved spin. The difference is that (3 is the isometry 
coordinate in the initial AdS^ space. 
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This implies 

r = 1, ri = 0, 00 = KT, (f a = UJ ai (Ti. 

Then (13. 8p takes the form (over-dot is used for d/dr) 



C 



4A° 



E r 2 - (8X°T 2 l p TZ) 2 E - uj a2 u bl ) 2 r 2 a r 2 h - ( K /2f 



a=l 



a<b=l 



(3.10) 



It is clear that for arbitrary and different values of the winding numbers u a i, the potential 
terms in the above Lagrangian are of forth order with respect to r a . As far as we are 
interested in obtaining membrane configurations with quadratic effective potential, our 
proposal is to make the following choice (a, b, c ^ are constants) 



Co>i2 — UJ22 — 1-^31 — <-^41 — 0, 0^32 — iCo>42 — ^ , 

r 3 (r) = a sin(6r + c), r 4 (r) = a cos(6r + c), a < 1. 
This reduces the membrane Lagrangian to 



(3.11) 



C 



4A° 



E rl - (8A°T 2 / P ^) 2 £ c^r 2 + (a6) 2 - ( K /2) 2 



La=l 



a=l 



+ A s (£^ + a 2 -l) 



After neglecting the constat terms here, one arrives at 



4A° 



a=l 



E' 

La=l 



'1-a 2 



The Lagrangian L describes two-dimensional harmonic oscillator, constrained to remain 
on a circle of radius yl — a 2 . Obviously, this is particular case of the Neumann integrable 
system. The constraint fl 3 . 2 1) gives the Hamiltonian corresponding to L 



0=1 



{k/2) 2 - (abf 



while the remaining constraints (13.31) are satisfied identically. 
The next ansatz for membrane embedding we will consider is 



ZjQ — ^v p 

for which ( 13. 8ft reduces to 
(4/ p ft) 2 



2LKe l 



Zl = 0, W a = Al p TZr a (ai)e iWal 



(3.12) 



4A° 



8\°T 2 i p n) E (<Va<V b - a 2 r a a x r b ) 2 - E ^y a + (n/2f 



a<b=l 



0=1 



(3.13) 
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Here we have quadratic potential, but in the general case, the kinetic term is not of the 
type we are searching for. To fix the problem, we set 



r\ = n(ai), r 2 = r 2 (cri), uj 3 = ±u A = u, 
r 3( cr 2) = asin(6cr 2 + c), r 4 (<7 2 ) = acos(6a 2 + c), a < 1. 
This leads to the Lagrangian (prime is used for d/da{j^ 



(3.14) 



4A° 



2 2 r 



E (sx°T 2 i p naby 



12 2 2 

r — uj r 



a=l 



E^ 



La=l 



(3.15) 



which is already of the Neumann type. The corresponding Hamiltonian is given by the 
constraint (13. 2p 



#~E 



a=l 



,2„2 



(k/2) 2 - (auof 



The other two constraints ( 13. 3ft are satisfied identically. 



3.2 Membranes and the Neumann-Rosochatius system 



In this subsection, we propose three different membrane embeddings in AdS± x S 7 of 
the type (I3.6p . which are connected with particular cases of the Neumann-Rosochatius 
integrable system. 
The first one is 



2LHe % 



Z 1 = 0, W a = Al p Kr a {r)e 



i{u) a it7i+aa(T)] 



(3.16) 



It leads to the following membrane Lagrangian 



C 



4A° 



E (+1 + rial) - (8X°T 2 l p n) E ~ ^ b x) 2 r 2 a r 2 b - («/2) : 



a=l 



a<b=l 



(3.17) 



The equations of motion for the variables a a (r) can be easily integrated once and the 
result is 

C a 



(3.18) 



where C a are arbitrary integration constants. Substituting ( 13.181) back into ( 13. 17ft . one 
receives an effective Lagrangian for the four real coordinates r (r )3 



C 



4A° 



4 / ^i2" 



0=1 



8\°T 2 l p n) E 0"«i<"m - a; a2 a; 61 ) 2 r^^ - (k/2) 5 

a<6=l 



(3.19) 



6 After changing the overall sign and neglecting the constant terms. 
7 Following [8], we change the signs of the terms ~ d^. 
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To get potential terms ~ r 2 instead of ~ r 2 r 2 , we use once again the choice (13.111) . In 
addition, we put C3 = C4 = 0. All this reduces the membrane Lagrangian to (after 
neglecting the constant terms) 



(4/ p ft) 2 2 



4A° 



a=l 



r 2 - (8\°T 2 l p Tlau;) u 2 al r 2 a - -f 



+ A< 



E-a-(l 



la=l 



, (3.20) 



which describes Neumann- Rosochatius type integrable system. For C a = 0, (I3.20p reduces 
to Neumann type Lagrangian. Let us also write down the constraints (13. 2p . (13.31) for the 
present case. Actually, the third constraint G Q2 = is satisfied identically. The other two 
read 



a=l 



a 2 



r 2 + (%\»T 2 l p KaJ) u 2 al r 2 a + -f 



(/t/2) 2 - (abf 



^a\C a = 0. 



a=l 



Our proposal for the next type of membrane embedding is 

Z = 2l p ne lKT , Z 1 =0, W a = 4/ p ^r a ( ( T i )e i[ ^ T+aa(CTl)1 , 
for which the Lagrangian (13.81) reduces to 

C = -^1!((8A°T 2 ^) 2 £ [(d ira d 2 r b - d 2 r a d irb ) 2 



(3.21) 



(3.22) 



a<b=l 



+ {dir a d 2 a b - <9 2 r a <9ia 6 ) 2 r 2 + {d 1 a a d 2 r b - d 2 oi a d x r h ) 2 r 2 a 

+ (dia a d 2 a b - d 2 a a dxa b ) 2 r 2 jl 
1 



+ £ (8A°T 2 Z p 7e) {d x r a d 2 a a -d 2 r a d x a a ) 2 -u 2 a 



0=1 



< + («/2)' 



If we restrict ourselves to the case (13.141) and 

a.\ = ai(cri), «2 = (^(ci), «3,«4 = constants, 

we obtain 



4A° 



8X°T 2 l p nab) 2 £ (rf + r 2 ^ 2 ) - £ c 2 r 2 + (k/2) 2 



[auo] 



a=l 



a=l 



(3.23) 



After integrating the equations of motion for a a once and replacing the solution into 
(I3.23p . one arrives at@ 



(4Z p ft) 2 2 



4A° 



a=l 



8\ G T 2 l p TZabf r' 2 - u 2 a r 2 a - (8\°T 2 l p Kab 



2 a 



(3.24) 



+ As 



£r 2 -(l 



,a=l 



3 After changing the corresponding signs and ignoring the constant terms as before. 
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The above Lagrangian represents particular case of the Neumann- Roso chat ius integrable 
system. For C a = 0, (13.241) coincides with (13.151) . The constraints (13. 2p . (13. 3p for the case 
under consideration are given by 



a=l 



2 



(8\°T 2 l p Kab) r? + uy a + (8\°T 2 l p Hab) -f 



{k/2) 2 - {awf, 



$>«(?„ = 0, G 02 = 0. 



a=l 



Our last example of membrane embedding is connected to the spiky strings [T71 IE] 
and giant magnons [19J configurations on S 5 . It reads 

(3.25) 



Z = 2l p TZe iKT , Z x = 0, W a = 4l p Kr a (£, n )S WaT+ ^)] j 
£ = ol<j\ + (3t, n — 7<t 2 + St, 



where a, (3, 7, 5 are constants. For this ansatz, the membrane Lagrangian (13.81) takes the 
form = d/d£, d r , = d/drj) 



C 



4A° 



8A°T 2 / P ^a 7 ) 2 £ [{d^ad^n-d^ad^f 

a<b=l 

+ (d{r a d v ti b - d v r a d^ b ) 2 r 2 b + (d^ a d v r b - d^d^nfrl 



(3.26) 



+ (dtfJLadqflb - d v fi a d£[i b ) r a 



2„2 2 
' 1, 



4 r 2 

+ (8X T 2 lpTla^ (d^r a d v n a - d v r a d^ a ) 2 - u\ 

a=l L 

Now, we choose to consider the particular case 



n = ri{£), r 2 = r 2 (£), uj 3 = ±^ 4 = u, 

r 3 — r 3(v) = asm(br] + c), r 4 = r±(rj) = acos(bn + c), a < 1, 
/"i = A*i(£)> ^2 = ^2(6) ^3,^4 = constants, 



and receive (prime is used for g?/g?£) 



( W J ^ 



4A° 



a=l 



PuJ a 



A 2 



2 2 



+ (K/2) 2 -a 2 (u; 2 + b 2 S 2 )} + A, 



A 2 - f3 2 J A 2 - (3 2 a a 

(3.27) 



where 



A 2 = (8\°T 2 l p naba^y 
13 



A single time integration of the equations of motion for \i a following from the above 
Lagrangian gives 



A 2 - (3 2 \ r 2 a 



(3.28) 



Substituting (13.281) back into (13.271) . one obtains the following effective Lagrangian for the 
coordinates r a (£jj 



4A° 



a=l 



(A 2 - pyt 



A 2 



A 2 - (3 2 r 2 a A 2 - (3' 



2 2 

-uj r 

2 a a 



+ A.' 



E^"(l-« 2 



,a=l 



(3.29) 



Let us write down the constraints (13.21) . (13. 3j) for the present case. To achieve more 
close correspondence with the string on AdS$ x S 5 , we want the third one to be satisfied 
identically. To this end, since G02 ~ ( a ^) 2 7^, we set 5 = 0, i.e. r\ = 702. Then, the first 
two constraints give 



a=l 



(a 2 - pyt + 



+ 



A 2 



2 2 



A 2 -(3 2 r 2 a A 2 - (3 2 a a 



A 2 + (3 2 
A 2 -f3 2 



(k/2) 2 - (auf 



Y^uo a C a + f3\{K/2) 2 -{auof 



0. 



a=l 



The Lagrangian (13.291) . in full analogy with the string considerations (see (I2.2ip above or 
(2.26) of [9]), corresponds to particular case of the n-dimensional Neumann-Rosochatius 
integrable system. 



3.3 Energy and angular momenta 

Here, we will evaluate the explicit expressions for the conserved charges, and will obtain 
relations between them, for the five membrane configurations considered above. 

The energy E and the angular momenta J a can be computed by using the equalities 



E 



d a—, J a = d a—— r 

on J o{d (p a ) 



Then, for all ansatzes we used, the energy is given by 



e = 2^i p nf^ . 



(3.30) 



For the first embedding (13. 9p . J a = for a = 1, 2, 3, 4, so the only nontrivial conserved 
quantity is the membrane energy. 



9 Following [S], we change the overall sign, the signs of the terms ~ C^, and discard the constant terms. 
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For the second embedding (I3.12p . one obtains 

J a = 2\l p K) 2 ^ J d 2 ar 2 a , a = 1,2,3 ,4. 

We will consider the cases a = 1,2 and a = 3,4 separately. According to (I3.14p . r 12 
r '1,2 which leads to 

J a = 7r(4/ p 7^) 2 ^ y dcrir^(cri), a = 1,2. 

Combining these two equalities with (I3.30P and taking into account the constraint 

£ r 2 -(l-a 2 )=0, 



a=l 



one arrives at the energy-charge relation 



E I (J x J 2 



k 4(1 — a 2 ) \Ui 002 

As usual, we have linear dependence E(Ji, J 2) before taking the semiclassical limit. We 
comment on this limit in the next section. 

Now, let us turn to the case a = 3,4. In accordance with (13.141) . we have 



J 3 = nULK) 2 —7- / da 2 sin 2 (6cr 2 + c), 
A u jo 

J 4 = ±7t(4/ p ^) 2 — / da 2 cos 2 (ba 2 + c) 
A u jo 



By using the periodicity conditions 

r (ci) = r a (ai + 2tt), 
which imply b — ±1, ±2, one obtains 



J 3 = ±J 4 = (47r/ p 7e)° C "'" 



A ' 

In order to reproduce the string case, we can set lu — 0, and thus J 3 = J 4 = 0. 
For the third embedding (13.161) . the angular momenta are given by 

J a = 2 5 (rrl p n) 2 ^, a = 1, 2; J 3 = ^4 = 0. 
This leads to the energy-charge relation 

k 8 VCi C 2 

For the forth embedding fl3.21j) . the expressions for the conserved charges and the 
relation between them are the same as for the second membrane embedding (I3.12p . 
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Finally, for the fifth embedding (13.251) . J3 = J4 = for u = 0. The other two angular 
momenta are 



Rewriting fl3T30|l a£0 



a = 1,2. 



E 

we obtain the energy-charge relation 

4 



A 2 -(3 2 



A 2 (l-a 2 )+/?f- 



a=l ^ 



«=1 W « 



in full analogy with the string case. Namely, for strings on x S 15 , the result in 

conformal gauge is [9] 



1 



CA E 



a 2 -(3 2 



a 



Ja 



Concluding this section, let us make two remarks. 

It may seems that the membrane configurations considered here are chosen randomly. 
However, they correspond exactly to all string embeddings in the R x S 5 subspace of 
AdSs x S 5 solution of type IIB string theory, which are known to lead the Neumann and 
Neumann- Rosochatius dynamical systems [7], [8], [9]. 

Let us also note that our starting ansatz is a particular case of (2.9) in [40J. 



4 Concluding remarks 

We have found here several types of membrane embedding into the AdS± x S 7 background, 
which are related to the Neumann and Neumann- Rosochatius integrable systems, thus 
reproducing from M-theory viewpoint part of the results established for strings on AdS$ x 
S* 5 . In particular, our Lagrangian (13. 29ft . being completely analogous to the one given in 
(2.26) of [9], should lead to the same energy-charge relation for the giant magnon solution 
with two angular momenta (see also [27], [31]). Moreover, the single spike solutions of [JT] 
can be reproduced also from membranes on AdS^ x S 7 jl2]. In addition, one can consider 
the correspondence between the Neumann and Neumann- Rosochatius integrable systems 
arising from membranes and the continuous limit of integrable spin chains at the level of 
actions, as is done in |43j . 

Besides, it is interesting to clarify the relationship with the constant radii solutions 
for membranes on AdS^ x S 7 found in [40j. It turns out that part of them are particular 
solutions of a Neumann- Rosochatius system. Let us explain this in more detail. Consider 

10 For the limits of the integrals over £ see [5]. 



16 



the membrane embedding (13.161) . which in view of (I3.18p . reduces the Lagrangian (13.171) 
to (I3.19p . By choosing 

U)\2 = UJ22 — ^31 = ^41 = 

as in (13. lip , one obtains 
4 

El \2 2 2 / 2 2,2 2\/ 2 2, 2 2\ 

[UJ al UJ b 2 ~ UJ a2 UJ b i) TJ h = [UJ 11 r 1 + ^ 2 l r 2)(^32 r 3 + ^42 r 4j- 

a<b=l 

For r3 t 4 = constants, C3 = C4 = 0, this leads to a Neumann-Rosochatius Lagrangian of 
the type (13T2D1 

J2rl-(l-rl-rl) , 

.a=l 

where 

2 22,22 

W r =^32 r 3+ W 42 r 4- 

Now, let us impose the conditions 

a a {r) = u a o T , ^ao — constants, 

as is the case in [10]. These are compatible with (13.181) for r a = constants only, i.e. for 
the constant radii solutions of [3D], when the equations of motion and constraints reduce 
to relations between the free parameters of the membrane embedding. Therefore, the 
membrane solutions described in section 4 of [3D] are solutions of a Neumann-Rosochatius 
system for particular choice of the parameters u a i and C a . For uo a i - arbitrary, they are 
solutions of a more general system, given by the Lagrangian (I3.19p . 

According to AdS-CFT correspondence, strings on AdS$ x S 5 and membranes on 
AdSi x S 7 are dual to different gauge theories. Hence, one is tempting to conjecture that 
there should exist common integrable sectors on the field theory side. 

We expect that in the framework of our approach, one can find relations between 
membranes in AdS-j x 5* 4 and Neumann and Neumann-Rosochatius like integrable systems 
with indefinite signature, analogous to (12.131) and (I2.19p . 

On the other hand, we observed that only a small class of membrane configurations de- 
scribed by the embedding (13.61) are captured by the Neumann and Neumann-Rosochatius 
dynamical systems. Actually, these configurations are exceptional, taking into account 
the Lagrangians fl3~TDI) . f[3~T3l) . f[3TTj) . fl3~22l) and fl3~26l) . The conclusion is that there 
exist many possibilities for discovering, known or new, integrable systems dual to the 
membranes in M-theory. 
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